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@ mn_ykt`e u`b{mncYX·Yj{kqmnce¤m¦sqW3mn_amgfgY6ktddhvk}mg`b_3mW3mnce¤mg{tY(i-dhusBA`e_YJiFktYJ§aceY>C   0 qktTVYjsmg{tY("`oYXces`oq}q`eW`b_amnktYJÑ«W3mnce¤mg{tYi-dYq}mnWVceYjqDA u`e{tpaqtYjqj«¤dg{}Wq       C%mg{tYmnce(m¦suq6 gYj{ts3YJmgqt`bces'm¦ mn`ecomnvVceY   S(TV`oq"i-dgWYJq¤{tdhW ktTVYµmhiFk(ktTmkcb`eW`¨k}Yj
 u`b{}pVceYX_aiXYFEl`oq"_VdnkAmYJmktpa{tY`e_VTVYX{}YX_yk(ktd3W3mgcb`oi-`edgpaq(iXduVYjq  
@ ª TVYX_V{}YjqtYX_ykj«JktYJiTV_V`oxypVYjqmn`eW`e_Vf^mkW3mg¡y`e_VfliXdY6mg_amncesq`oqrWdg{}Y£` i-pVcbkmn{}Y£vwdgpV_aktdAµmg`bc   S(TVY£W3mn`e_{}Yjmhqdh_`eqktTamnkktTaY{tYjcemnktYJ©V{tdhvVceYXW3qGAðk}Tamk`eqktd=q}m¦sg«V{tdhvVceYXW3qk}dvY
qdhcb hYj `b_´dh{}VYX{ktd=vysuamhqtq%i-dYV{}dnk}Yji-kt`edg_HC
vYjcbdh_Vf^ktdwdgcesu_VdgW`omncVi-dhWVcbYX·`¨ks%iXcemhqtq   0 q|mn_Y-·VmgWacbYh«nYX_aiX{tsuk}`bdh_%k}YjiTV_a`exypVYJq|mn{}Y"mnce¤m¦sq{tYjcemnkt`e gYXcesYJmgqtsktdvV{}Yjmn¡q`e_ai-Y^k}TVY¡gYjsqtamgiXY^`oq¤ktdud3ce`bW`bktYJ
mg_amncecbdAq(mg_
YX·Tamnpaqkt`e gYqtYjmg{}iT
mnVV{}dhmhiT  I8 dg{}YXd hYX{J«hYj_ai-{}sukt`edg_mncefgdh{t`bktTVW3q¤k}TamkATam¦ hYvYjYX_dgpa_a`b_¡u_Vd"_W3mnce¤mg{tYi-dYJqAmn{}YYX`bktTVYj{l hYX{}s_amn`e gYdh{ld3_VdgkAd RYX{ATV`efgTceYX hYXc
dnqYJi-pV{}`¨ks  
 _ ktTa`eq%amnwYX{J«¤YV{tYJqYj_yk%m_VYX i-dh_ai-Yjk%mnvwdgpkW3mgcb`oi-`edgpaqiXdYjqiXdgWvV`b_a`b_VfY  3iX`bYj_yk¡gYXsNW3mn_amgfgYXWYj_hk"`bktT
TV`efgTV¢PceYX hYXcqYJi-pV{}`bks
Yj_ai-{}sukt`edg_ mncefgdh{t`bktTVW    ` RYX{}YX_ykmn_mncesuqt`oqCmg_a?YX·uwYX{}`eWYj_yk}q^Tam¦ gYi-dh_§a{}WYJk}TVY`eWdyqtqt`evV`bce`bksk}d
qktpaVsktTVYi-dYh«wpa_aYX{CktTaYmhqtqtpVWkt`edg_?ktTamnk^¤Y%W3mn_mnfgYJktdfgYXkmi-dgus
dn£`bk  KJ sce`bW`bkt`e_Vf'k}TVYi-dY%a{tYJqYj_ai-Ymg_a= u`e{tpacbYj_ai-Y`e_=k}TVY3i-dgWVpVktYX{J«r¤Y3qTVd mncoqdTVdk}d
W3mg¡gYktTV`oqmgq}qpaWVkt`edg_  gYX{}spV_Vce`b¡hYXces  ª Y3`ececbpaqkt{mk}Y%k}TVYjqtYiXdg_aiXYXkqKAV{}dudnð¢ßdnð¢øi-dg_i-YXVkLC£vys'V{tYJqYj_ykt`e_Vf%{}dgW*mn_mncefgdg{}`bktTVW`oilwdg`e_yk(dg u`eYX¥k}TVYWdhqkAq`eWVcbYYX·mgWVcbYdg m_VYX
 u`e{tpaq|µmnW`ecbs3iXmgcbceYjk}TVYM­R®¯°h±u² u`e{tpqYJq   0 q¤mW3mn`e_3{tYJqpac¨kJ«h¤YlqtTVd k}Tamk6ktTVYCfgYj_VYX{mncVa{tdhvVcbYjW dg¬­R®¯°h±²?i-dYmg_amncesq`oq¤`eq(YJxhpa`b mnceYX_yk¤ktdktTaYi-{}syVk}mn_mncesuqt`oq£dg mqYJi-pV{}YCYj_ai-{}sukt`edg_mncefgdh{t`bktTaWÜ`e_
ktTVYqtYX_aqtYCktTamnkA`¨k"`oq(Y-·dh_VYX_yk}`emgcbces
iXdgWVceY-·  S(TV`oqamgYj{`eqdh{tfymn_V`ONXYJmgqdgcecedAq    _ ¶ YjiFk}`bdh_ZV«n¤Y£§a{qkVY-§a_VY"a{tYJi-`oqYjcbsk}TVY(vamgi¡ufg{}dgpa_amn_k}TVY"¡u_Vd"_ijmgqtYjq"TVYj{tYCmkk}YXWkq|k}dpaqtYli-{}suktdhfg{mnVTus`e_ u`b{mnci-dYjq£Tam¦ gY"vwYXYj_W3mgY  ª YlqtTVd "TusmgcbcaktTV`oq¤mkk}YXWkq|¤YX{}YAvdhpV_ak}dµmn`ec  ?¶ YJiFk}`bdh_ - {tYJiXmncecoq¡gYXsNW3mn_amgfgYXWYj_hkk}YjiTV_a`exypVYJqV{}YjqtYX_yktYJ `b_QPegR    _ ¶ Yji-kt`edg_©a« ¤YV{}YjqtYX_ykktTVY'fgYX_aYX{}`ei u`e{}mgc|i-dg_i-YXVkSpaqt`b_Vfqkt{}dg_Vf
YX_i-{}syVkt`edg_NiXdgWvV`b_aYjN"`¨k}T dhkt`eW3mnc¡hYXs?fhYX_VYj{}mnkt`edg_=mg_a=¡hYXs?W3mg_amnfhYXWYX_yk   0 kcemhqkJ«
¶ YJiFk}`bdh_%V{}dud gYjq£ktTmkC¬w­R®¯°y±u²  y`e{mncÑi-dYmn_mncesuqt`oq6`oq(YjxypV`e mnceYX_yk(ktdYX_i-{}syVkt`edg_qsqktYXW3q(i-{}suk}mg_amncesq`oq(mn_a'ktTmk`bkA`eqj«`e_µmhiFkJ«dnY-·dh_VYX_yk}`emgcRiXdgWVceY-·`bks   6dg_i-cepaq`edg_"`bcecrmga{tYJqtq6k}TVYV{}dgvVceYXW0dg§afhTykt`e_Vf3mnfhmg`b_qk"qpiT
mg{tWdgpa{tYJW3mnce(mn{}Y  S(TVY'VpV{}dyqY3dg¤k}TV`oqamgYj{`eq%VpV{}YXcesNmhiXmgVYXW`ei3mg_a©{m¦AqdgpV{mkk}YX_ykt`edg_©dh_©ktTVYYj gdhcbpk}`bdh_©dn" u`b{mnc{}`eqt¡q    kqtTVdAq TVd´k}TVY"W3mnce¤mg{tY6{t`oq¡W3m¦sYj gdgce gY6 gYj{tsxypV`oi¡ucbsGAµ`¨R_Vdnk|mgcb{}Yjmhs^ktTVY"iXmhqYFC mn_aiXmnpqY¤fg{}YjmnkiXdg_aiXYX{}_mnWdh_Vflk}TVY
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k}mhi¡gYj{¤mhq6¤YXcec   0 cecÑ`b_Vapk}q(k}d%k}TVYV{}dgfh{}mgW mg{tYqtpVVVce`bYJ'vus3k}TVYmktk}mgi¡hYX{mg_a3k}TVYlV{}dgfh{}mgWÜqk}mnktYJqktTaYXW3qYjcb hYjq6`eq¤i-dhWVcbYXktYjcbsYXktYj{tW`e_VYj3vusktTaY^mnkk}mhi¡gYj{£pV{}`b_afktTaY^iXduVYCmn_mncesuqt`oq   0 q¤qpiTr«k}TVY^iXdg_aqkt{}pai-kt`edg_aq6W%paqk6{}Yjqt`oqk(`b{}Yji-k¤mg_amncesq`oq6mg_a`oiFk}`bdh_V_amg{ts3mktk}mhi¡uq£`b_'ktTVYCdg{}W dn ¤mg{k}Yjqt`emg_'YjiXYXk}`bdh_r«hktTamnk¤`oq

















¡gYjs   S(TVY mncepVY M `oqiXmg{t{}`bYJ?vusk}TVYmgfgYX_ykoAðk}TVY"W3mnce¤mg{tY(i-dY"`e_dgpV{|ijmgqtY>C    mhqTpV_iFkt`edg_3ijmn_vY"paqtYjk}diXdg_aVpaiFkk}Yjqk}q|mg_aiXdg_aqkt{}pai-k k}TVY"¡gYjsqqd^ktTmkYX·mgW`b_amnkt`edg_dnrk}TVY^mgfgYj_hk(duYjq¤_Vdgk¤{}YX hYjmncktTaYC{}YjxypV`e{tYJ3YX_u u`e{tdh_VWYX_yk}mgc`e_dg{}W3mk}`bdh_   S(TaYX_
dyqtqt`bvacbY^i-dg_qk}{tpai-kt`edg_aqj«mgWdh_VfW3mn_usdnk}TVYX{qj«umg{tY1
@ `¨ H(N) = M ktTVYj_
ceY-k K = N  
@ `¨ H(H(N)) = M ktTVYj_
ceY-k K = H(N)  
@ `¨ H(Ni) = Mi k}TVYX_ceY-k K = H(N1, N2, . . . , Ni)  
@ `¨ H(N) = M ktTVYj_
ceY-k K = H(R1, N) ⊕ R2  
 Y-k|paq_adnktY(k}Tamk£ktTVY(§a{qk£i-dg_qk}{tpai-kt`edg_`eq|paqYJ`b_Wdhqk|dnÑqkmk}`ei¤YX_i-{}syVktYjamhqtqt¤dg{%mnpVktTVYj_hk}`eijmk}`bdh_q}iTVYjWYJq   S(TVYWdhqk(`bWwdg{tk}mn_yk6Yjmk}pV{}YldnYjmgiT'dnrk}TVYjqtYCiXdg_aqkt{}paiFk}`bdh_aq6`eq£ktTamnk¤¡u_Vd"ceYjVfgYldg
M
duYjq6_Vdgk¤ceYjmg¡mg_us`e_dh{tW3mk}`bdh_3dg_
K   "`edg{Vmg_¥mn_a ¶ iTa_VYX`eYX{
V{}dgwdhqtYj qYj gYj{}mgcAY  i-`eYX_yki-dg_qk}{tpai-kt`edg_aq'"TV`oiT¥V{}d y`oY?Y  i-`eYX_ykYj_y u`e{tdh_VWYX_yk}mgcA¡gYjsfhYX_VYj{}mnkt`edg_ V{tdgktdi-dhceqpaq`e_Vf mn{}`edgpaq^k}YjiTV_V`oxypVYjq?1k}TV{}YjqtTVdgco`e_VfAV{}dnk}di-dgcpq`e_Vfk}TVY`oYjmhqdn"i-{}suktdhfg{mnVTV`oiqYJi-{}Y-k





k}`bWY`e_aY-·Vmnkt`edg_Aamg{kAdgktTaYYX_u u`b{}dg_VWYj_hkmncÑVmnktY{}YjxypV`e{tYJ3ktd3fhYX_VYj{}mnktYCktTVY¡hYXs'mg{tY^vamhqYJ'dh_k}`bWYFC      |_u u`e{tdh_VWYX_yk}mgc¡gYXs%fgYX_aYX{mkt`edg_Tamhqdg_Vces%vwYXYj_a{tdhdyqYJ{}dgWÜm^ktTVYjdg{}Y-kt`oiXmgcdh`b_yk|dgw u`eYX³vys%ktTVYAmgpktTadg{q  ¶ dgWYmhqwYji-k}qqk}`bcec_VYjYjk}dvY6ktTVdh{tdhpVfgTacbs^ktYJqk}Yj   zmn{tkt`oi-pacemg{tcesg«Jdg{WdhqkdnVk}TVY"i-dg_qk}{tpai-kt`edg_aqktTaYXsV{}dgwdhqtYjr«jk}TVY"mktk}mgi¡hYX{`oqAce`b¡hYXces3ktd§a_a
ktTaY¡gYXsvus'dgvqYj{t u`e_VfvdgktTktTaYmnfgYj_yklmn_aktTaYYX_u u`b{}dg_aWYj_yk   S(TVYqYJmn{iTqtamgiXYdg{"k}TVY%mgi-kt`e mkt`edg_Vmnk}mW3m¦smnce¤m¦sqvwYlqW3mgcbcYX_VdhpVfgTktdmncecbd mn_Y-·Tamgpaqkt`e gYAqtYjmn{iT3mnVa{tdymgiT   8 dg{}YXd gYj{j«vusdgvaqtYX{} u`b_af^WdhvV`bceYlmgfgYX_ykmhiFkt`edg_qX«k}TVYlmnkk}mhi¡gYj{ W3m¦sYJmgqt`bces%YXktYj{tW`e_VY""TVYX{}Y"mn_a"TV`oiT¡u`b_adgRVmnk}mCktTaYAmnfgYj_yk`oq`e_yktYX{}YjqktYJ`b_   S(Tamnk|`bWVce`bYJqk}TamkCmamk}`bYj_hk^mn_amgcbsqkA"`bcecdhvk}mg`b_`e_dg{}W3mkt`edg_?mgvdhpk"ktTaYmnfhYX_yklmk"k}TVYq}mnWYk}`bWYk}TV`eqlcemnkk}YX{l`oqlmhiFk}`b mk}Yj
vus'k}TVY
qtpV`bk}mnvacbYYj_y u`e{tdh_VWYX_yk}mgcÑVmkm  
ª Y=_Vd,V{}YjqtYX_ykmV{}mhiFk}`eijmncCmg_a Y  3iX`bYj_yk'paqtY=dnYj_u y`e{}dg_VWYX_ykmncA¡hYXs³fgYX_aYX{mkt`edg_ `e_ ktTaYNiXmhqY=dn u`b{mncCi-dYmg{tWdgpa{t`e_Vf  
   	ê"
( + Õ%'"! )ê+F.¤5¸
 83:3;=<?>A@^BED3+F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 Y-kApaq"`oq}i-paq}q¤_Vd ktTaYfgYX_aYX{}`eilµmnW`ecbs u`e{tpq6_mnWYj¬­R®¯°y±u²  ª `bktTVdhpk"cbdyqtq(dgfgYj_VYX{mnce`bksg«y6YiTVdudhqtYCktd3Yjq}i-{}`evYdh_Vcbs3mvamgqt`oiAvVpk(wd6Yj{pVcwY-·VmgWacbY  ¶ dhWY 8 dh{tYCi-dgWVceY-·3V{}dnk}di-dgcoq|Tm¦ gYlvwYXYj_Yj gYjcbdhVYJ3dg{¤mn{}YCiXpV{t{}YX_yk}cbspV_aYj{qktpaVsAµqtYXY ¶ YjiFk}`bdh_!





paqtYX{ Aµ ¦mg{t`omn_yk J C  
8 `e_Vdh{% mn{}`emg_yk}qTam¦ hY3vYjYX_´k}YjqktYJmgq%6Yjcbc¤mn_a©"`ecbc¤vwYcb`oqktYjcemnktYX{dg_   S(TaY'i-dYJqTam¦ hY3vYjYX_ YJq`efg_aYj©vwdnktTdg{
ª `e_adAq(mn_  _V`¨·
qsqktYXW3q   S(TVYXsqtpaiXiXYjq}qpacbces3W3mn_amgfgYjktdvusymgq}q¤mg_ykt`e y`e{mncRqdgðk¤mg{tYC"TV`eiT
mncecR{tYjWmg`b_aYj'qt`ecbYj_hk  
¶ `e_aiXY¬w­R®¯°h±u²¹ u`b{}paqtYjqmn{}Y'dg_acbs´V{}dudnð¢ßdnð¢øi-dh_ai-Yjk% u`b{}paqtYjqj«|¤Y"`ecbc¤di-pqdh_Vces´dg_k}TVYmn{}Wdh{t`e_VfNV{tdgktdi-dhc6mn{tk  6dhWacbYXktYlqtdgpV{i-Y"iXduVY"`eq£_Vdnk£m¦ mn`ecomnvVceY   S(TVYAfgYj_VYX{mncVqkt{}pai-ktpV{}Y"dnwktTVYCi-dYjq|`eq£fg`e gYX_`e_ º `efgpa{tY A>Cmg_aqpVWW3mn{}`ONXYj
D CPV CPV21 CPV3
1 2 3
º `bfhpV{}Y1 T  gYX{mncecÑqk}{tpiFktpa{tYdn¬­R®¯°y±u² iXdYjq
mhq¤dgcecbdAq?1





















 Y-kApaq"_ad¹YJqtiX{t`evYk}TVY¡hYXsW3mn_mnfgYjWYX_yk"V{tdgktdi-dhc   S(TaYmgiFk}`b mnkt`edg_Vmkm '`b_dnk}TVYX{l6dh{}Vq6k}TVY%Vmnk}m{tYJxypV`b{}Yjk}di-dg_qk}{tpai-k(ktTVY`RYX{}YX_yk"¡gYXsq 'mn{}YA mn{}`omn_yk 0 C1
å+*äåðØ
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º dg{CktTVY mn{}`emg_hk J «ÑVmnk}m ι `oqmfh`b hYX_VpVvacb`oi%¡hYXs"TV`oiT?`oqlV{}YjqtYX_yk^`b_ m 2)+
	
 		 dh{lY-·VmgWacbY   S(Tupaqj«wktTVY u`b{}paqW3m¦s3kmn{}fgY-kAmamg{k}`eiXpVcomn{(paqtYX{"dg{"pqYj{}q"iXdgWW%pV_a`eijmkt`e_VfktTa{tdhpVfgT
YX_aiX{tsuk}Yj
YXW3mg`bcoq nVmkm%"`bktTmg_ys'fg`e gYX_
paqtYX{   S(TVY u`e{}mgciXdYpaqYJqCktTVY3TamhqT=pV_ai-kt`edg_ ¶  0 ¢};P R£mgq^dh_VY-¢ß¤m¦s
pV_iFkt`edg_ ATaYX{}YVYX_VdgktYj H C   S(TVYj_r«ÑktTaY3YX_u u`b{}dg_VWYj_hkmnc¡hYXsV{}dnk}di-dgcÑ`oq"YJqtiX{t`evYJmhq¤dgcecbdAq?1
   ktTVYYjiX`bVTaYX{}WYj_yklV{}duiXYjpa{tY D iXdgcecbYJiFk}q"ktTVY%mhiFk}`b mk}`bdh_?VmkmYX`bktTVYj{C`e{}YjiFk}cbsA α, δ mn_ π C"dg{l{tYjYJmktYJcesA ι Cmn_a'i-dgWVpVktYm!h¢ßvV`bk£ mncepVY
V
fg`e gYj_vus







Z   `¨ V = M "TVYj{tY M `eqk}TVY ~2) $) $6! iXdg_yk}mg`b_aYj`e_k}TVY u`b{mnc(i-dYh«ktTVYj_ K1 = H(α ⊕ δ ⊕ ι ⊕ π)dnk}TVYX{}"`eqtYCktTVYYJi-`eVTVYj{tWYX_ykAV{}di-YJpV{}Y^qktdhaq"mn_a
`oq`e_YJiFk}q"ktTVYV{}YjqtYX_ykAqtsuqktYjW {}dgW k}TVY"TVdgceY u`b{mncÑi-dY  












   D YjiX`bVTaYX{q lz 3 V{tdpi-`e_Vf lz 3 = DK3(  lz 3) mn_'comnpV_iTVYjq(`bk  
!   0 ðk}YX{A u`e{tpaq"mhiFk}`bdh_`oq"i-dhWacbYXktYjr«ktTVY u`e{tpq"`eqt`e_Yji-k}q"`bk}qtYXcbk}dnkmncecbs  
¶ dhWY{tYjWmg{t¡q¤iXmg_
vwYW3mgYmgvdhpk(ktTV`oq"V{}dnk}duiXdgc1
@ {tdhW {}YXVce`oiXmk}`bdh_³ktd´{}YXVce`eijmk}`bdh_r«¤ktTVY?"TadgceY?i-dYmAµ`b_aiXcbp`b_afV{}duiXYjpa{tY D mn_  mgcbpVY M CTamgqiXdgWVceY-k}YXcesiTamn_afgYj³Yj gYX{}sk}`bWY   S(TV`eq'`bWVce`eYjq









@ ktTVYV` RYX{}YX_yk"amn{tk}q Cz
i
W3m¦svwYi-dhWa{tYJqtqtYj'vYXdg{}YYX_aiX{tsuk}`bdh_  
@ ktTVY¡hYXsq K1, K2 mn_ K3 ijmn_vYW3mgVY`b_aVYXwYX_aVmg_ykAvys'paq`e_Vf3mga`¨k}`bdh_amncÑYj_u y`e{}dg_VWYX_ykmncÑVmkm  
@ ktTVYmnpVktdn¢ø`oq`e_YJiFkt`edg_'Wm¦svwY^VYXcom¦sgYj`e_'dh{}VYX{|k}dTmn_aceYAk}TVYCkt`eWYmn_'VmnktYl mgcbpVYJq£`e_mceYjq}q6qkt{}`ei-ktces¤m¦s    _ktTamnkliXmhqYh«hk}TVYYJi-`eVTVYX{}WYX_ykAV{}di-YjVpV{tY
D
{tYjW3mn`e_aq"mgi-kt`e gY^`b_qtsuqktYjWîWYXWdh{ts  
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   U)+6)6
@ ktTamnk%`eWacb`eYjq%ktTamnk%dg_aYWdg{}Y'mgi-kt`e ¦mnkt`edg_´Vmnk}m`oq{}YjxypV`e{tYJ´mn_a©{}YXwYjmnktYJcbs qtijmn_V_aYj dg{>1Y-·`eqktYj_ai-Y'dg{_Vdgk%dni-dhWa{tYJqtqt`bdh_mg_a'Yj_ai-{}sukt`edg_qtdnðk(mn{}Yjq  
º dg{%mgcbc| mg{t`omn_yk}q6YYj gYjcbdhVYJÑ«Yj_ai-{}sukt`edg_´mgcbfhdg{}`¨k}TVW3q^ktTamnk%Tam¦ gYvwYXYj_´paqYJ©mn{}Y"6 PeJZFR6mn_a´A !bPe - R¤"TV`bceYfNX`eiXdgWV{}Yjq}q`edg_'Tamgq(vwYXYj_iTadhqtYX_  







J pkceY-kpaq%qpVadyqYktTmkktTaYmn_amgcbsqkj«Yj gYj_N`b¤`bk`oq gYj{ts?pa_Vcb`e¡gYjcbsh«TamhqW3mn_amgfgYj?ktdfhY-kdg_aYiXdgus?dg6k}TVY3 u`b{}paqvV`e_amg{t`eYjq  ' YXklpaq^qTVd¹ktTmklk}TVY%Yj_u y`e{}dg_VWYX_ykmncÑ¡gYjsfhYX_VYj{}mnkt`edg_V{}dnk}duiXdgcra{tYJqYj_hk}Yj`e_?qYJiFk}`bdh_Y  i-`eYX_yk}cbs
dg{}vV`oVqiXduVYmn_amgcbsqt`eq¤pV_VceYjq}q"mi-{}suk}mg_amncesq`oq¤V{tdhvVceYXW0dg YX·uwdg_aYX_ykt`omncriXdgWVceY-·`¨ks'`eq"qtdgce gYJ  
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